Abstract. We give a new and self-contained proof of a theorem of Linnell and Warhurst that dðGÞ À dðĜ GÞ c 1 for finitely generated virtually torsion-free soluble minimax groups G. We also give a simple su‰cient condition for the equality dðGÞ ¼ dðĜ GÞ to hold when G is virtually abelian.
Introduction
Let G be a finitely generated residually finite group. By dðGÞ we denote the minimal size of a generating set for G, and by dðĜ GÞ the minimal size of a generating set for the profinite completionĜ G of G. In other words dðĜ GÞ ¼ maxfdðG=NÞ j N p G; jG=Nj < yg:
Polycyclic groups are among the best understood infinite groups. For example most decision problems are decidable for polycyclic groups; see [8] .
It seems surprising therefore that it is still an open problem whether there exists an algorithm which finds dðGÞ for any polycyclic group G (given, say, by a set of generators and relations). This is unknown even in the case when G is virtually abelian.
It is obvious that dðGÞ d dðĜ GÞ, and when there is equality both the value of dðGÞ and a minimal generating set for G can indeed be found algorithmically (for example, by enumerating both the finite images and all possibilities for generating sets for G).
In general, dðGÞ À dðĜ GÞ can be arbitrarily large, even for metabelian groups G; see [5] . In fact Wise [10] has proved that there exist groups G with arbitrarily large dðGÞ while dðĜ GÞ ¼ 3.
Fortunately, for polycyclic groups (and even for virtually soluble minimax groups) the situation is better. In [3] Linnell and Warhurst proved the following theorem using methods from commutative algebra and lattices over orders. Theorem 1. Let G be a finitely generated, residually finite virtually soluble minimax group. Then dðGÞ c dðĜ GÞ þ 1.
For the definition of soluble minimax groups, see the beginning of Section 2.2. In their paper Linnell and Warhurst considered finitely generated virtually poly-(torsion-free abelian of rank 1) groups, but by results of Robinson [7] these are precisely the residually finite virtually soluble minimax groups.
Note that the inequality is sharp even for virtually abelian groups: many examples with dðGÞ ¼ dðĜ GÞ þ 1 are constructed in [6] .
In this note we give an alternative proof of Theorem 1. While we do not claim anything new, our argument seems simpler that the original one in [3] . Moreover our result gives some su‰cient conditions for the equality dðGÞ ¼ dðĜ GÞ, which can be verified quite easily in the case when G is virtually abelian, together with a fast algorithm for finding a generating set.
Theorem 2. Let G be a finitely generated group with a normal abelian subgroup U of finite index. Let d p ðGÞ ¼ dðG=U p Þ for each prime p. Then
where a ¼ max p d p ðGÞ and b ¼ min p d p ðGÞ. Notice that a ¼ dðĜ GÞ and the numbers d p ðGÞ can be easily computed. Moreover for any positive integer N > 0 there exists a generating set S for G of size k, such that the first dðĜ GÞ elements generate a subgroup of index coprime to N. The same result holds for finitely generated virtually nilpotent groups.
In particular, if there are primes p, q such that d p ðGÞ 0 d q ðGÞ then dðGÞ ¼ dðĜ GÞ. It is not di‰cult to see that a version of Theorem 2 (with the same proof as in Section 2) holds in the more general situation when G is a finitely generated residually finite virtually metabelian group and U is any normal abelian subgroup of finite rank in G. This easily implies a weaker form of Theorem 1, namely that dðGÞ c dðĜ GÞ þ 2. However obtaining the right bound dðĜ GÞ þ 1 is harder. For that we need a general and somewhat technical result (Theorem 8 on lifting generators) proved in Section 1.
The proofs of Theorems 1 and 2 are then immediate and are given in Section 2.
Notation. For elements a; b A G in a group G we take the commutator ½a; b of a and b to be aba À1 b À1 .
Lifting generators
In this section we shall prove a general result (Theorem 8) which under certain conditions produces a generating set of a group G starting from a generating set of some quotient G=V of G. We state it in such generality because in the next section we shall apply it in two settings: when G virtually abelian and then when G is virtually metabelian. First recall the following result by Gaschü tz [1] . It is not di‰cult to see that p-good subgroups exist in virtually polycyclic groups G, and in finitely generated metabelian minimax groups; see Lemmas 13 and 14 below.
Definition 5.
A group G has finite rank if there is a number d such that all finitely generated subgroups of G can be generated by at most d elements.
It is well known that a torsion-free abelian group of finite rank is isomorphic to a subgroup of Q d for some integer d. for any lifts g i A G of g i A G. Now let G be a finitely generated group with an abelian normal subgroup V of finite rank. (Thus in particular V =V m is finite for each integer m.) Suppose that for every prime p we have chosen a p-good subgroup
Our main result in this section is the following.
. . . ; g k Þ be a set of elements in G that generates G modulo V . Suppose that wðx 1 ; . . . ; x k Þ is a word such that wðgÞ A V. Assume that the following conditions hold.
(i) The image of the map p : V ! V defined by
(ii) For any choice of elements g 1 A g 1 V ; . . . ; g kÀ1 A g kÀ1 V the group hg 1 ; . . . ; g kÀ1 i has finite index in G.
(iii) d p ðGÞ c k for each prime p.
Then there exist lifts g 1 ; . . .
Moreover there is an algorithm for finding ðg 1 ; . . . ; g k Þ from ðg 1 ; . . . ; g k Þ ( provided that all objects from conditions (i)-(iii) above are computable).
Proof. We say that the element g i is a lift of g i whenever g i A g i V . Note that the Fox derivative
For i ¼ 0; 1; . . . ; k let QðiÞ be the following statement.
QðiÞ. There exist lifts g 1 ; . . . ; g i of g 1 ; . . . ; g i and a finite set of prime numbers P i such that S i ¼ fg 1 ; . . . ; g i g and P i have the following properties:
for each prime p A P i there exist lifts g We prove QðiÞ by induction on i. The base case i ¼ 0 is proved as follows: Take S 0 ¼ q and choose any lifts g 1 ; . . . ; g kÀ1 of the elements g j . They generate a subgroup of finite index L in G; therefore for any p F L and any lift g k A g k V the set fg 1 ; . . . ; g k g generates G modulo p.
Define P 0 to be the set consisting of all primes which divide L or M. We only have to show that for all p A P 0 there exist lifts g ð pÞ 1 ; . . . ; g ð pÞ k , which generate G modulo p.
Consider the k images g j of g 1 ; . . . ; g k in G=VG p . They generate G=VG p (since the elements g j generate G=V ) and also we know that G=G p is k-generated. By Theorem 3 we can find elements g ð pÞ j A g j VG p which generate G=G p . These can be further adjusted by elements from G p so that g ð pÞ j g À1 j A V . This proves the base case i ¼ 0 of the induction.
Suppose that we have already found S i and P i satisfying QðiÞ. By the Chinese remainder theorem there exists a lift g iþ1 such that g iþ1 ¼ g ð pÞ iþ1 ðmod G p Þ for all p A P i . Choose any lifts g iþ2 ; . . . g kÀ1 . By one of the assumptions, the group H generated by fg i g kÀ1 i¼1 is of finite index N i in G. Write P iþ1 ¼ fp j p divides N i g U P i . We want to show that S iþ1 ¼ S i U fg iþ1 g and the set P iþ1 satisfy Qði þ 1Þ.
To check that the second condition of Qði þ 1Þ is satisfied we just choose g ð pÞ j
. . . ; k À 1. It remains to show that for all primes p A P iþ1 the first condition is satisfied. This is clearly the case if p A P i . Let p B P i . Then by assumption QðiÞ there exist lifts fg ð pÞ j g kÀ1 j¼i which together with S i and any lift g ð pÞ k A g k V generate G modulo p. We will show that we can chose a lift g k of g k such that the group L generated by S iþ1 , fg ð pÞ j g kÀ1 j¼iþ1 and g k contains an element u 1 g À1 iþ1 g
ð pÞ iþ1 ðmod V p Þ, which implies that these elements generate G modulo p.
The key observation here is that for x A V the element wðg modulo V p . This shows that there exist lifts g k which generate G modulo p and the induction step is complete.
The statement QðkÞ gives a set S k which generates G modulo p for any prime p and therefore hS k i ¼ G.
It is clear that this argument produces an algorithm for finding the set S k in a very e‰cient way, provided of course that the various subgroup indices, words and maps G ! G=G p involved in the induction are computable. Theorem 8 is proved. r Remark 9. A slight modification of the proof gives that for any finite set P of primes such that d p ðGÞ < k, we can find lifts g 1 ; . . . ; g kÀ1 which together with any lift of g k generate a subgroup of index not divisible by any prime in P.
Remark 10. If g k ¼ e then we can take the word w ¼ x k . Its Fox derivative is qw qx k ¼ e and it defines the identity map from V to V , which is clearly surjective.
Remark 11. If we assume that V is nilpotent instead of abelian then all results remain valid, since a set generates a nilpotent group if and only if its image generates the abelianization of the group. Take V :¼ U q where q is a prime such that b ¼ d q ðGÞ. Then V is q-good, i.e., any collection of elements which generates G modulo V generates a subgroup of finite index (coprime to q) in G.
Now take elements g 1 ; . . . ; g b which generate G modulo V . Set
It is easy to see that the group G, subgroups V , G p ¼ V p (for any prime p), the elements g i above, and the word w ¼ x k satisfy the conditions of Theorem 8. We conclude that G can be generated by some lifts of g 1 ; . . . ; g k and so dðGÞ c k as claimed.
For the second part of the theorem start with V ¼ U N instead and with any generating set g 1 ; . . . ; g s for G modulo V and again take g j ¼ 1, s < j c k. The rest of the argument is similar. r
Proof of Theorem 1.
Definition 12. A soluble group is a minimax group if it has a subnormal series
are abelian minimax groups. An abelian group A is minimax if it is an extension 1 ! B ! A ! D ! 1 of a finitely generated abelian group B by a direct product D of finitely many groups C p y for primes p.
Note that polycyclic groups are minimax. It is also easy to see that a torsion-free minimax abelian group is isomorphic to a subgroup of ðZ S Þ k for some integer k and some finite set of primes S where Z S ¼ Z½ p À1 j p A S.
Proposition 1 ([7], cf. [4, Theorem 16.4.10])
. Let G be a finitely generated virtually soluble minimax group. The following are equivalent:
(i) G residually finite;
(ii) G is virtually torsion-free;
(iii) G is a linear group over the ring Z S for a finite set of primes as above.
We begin with the following straightforward Lemma 13. If G is a virtually polycyclic group and p is a prime then G has a p-good subgroup L.
Proof. We use induction on the Hirsch length hðGÞ of G. When hðGÞ ¼ 0 then G is finite and we can simply take L ¼ 1. Suppose that the lemma has been proved for all groups of Hirsch length less than h > 0. Consider a virtually polycyclic group G with hðGÞ ¼ h. Since G is infinite it has an infinite normal abelian subgroup N. Let G ¼ G=N p . Clearly hðGÞ < h and so G has a p-good subgroup, say
Then L is p-good for G: Suppose that H c G with HL ¼ G. Proof. Any finitely generated virtually metabelian group G is residually finite and hence it is virtually torsion-free if G is also minimax. The existence of a normal abelian minimax torsion-free subgroup V satisfying the first part of the lemma is therefore clear. Let p 0 be a prime such that the elementary abelian group V =V p 0 is equal to dim Q n V as a vector space over Q (this holds for all but finitely many primes). Now let p be any prime and consider the group G=V p 0 p . This is a finitely generated virtually abelian group, so there exists a normal subgroup L=V pp 0 which is both p-good and p 0 -good for G=V pp 0 (take the intersection of a p-good subgroup with a p 0 -subgroup in G=V pp 0 ). We claim that L is p-good for G. Suppose that H is a subgroup of G such that HL ¼ G. As before we see that HV pp 0 has finite index coprime to pp 0 in G and hence HV ¼ HV pp 0 (since jV =V p 0 p j is finite and divisible by the primes p and p 0 only). This gives
We claim that H 0 has finite index in V . Note that H 0 is a normal subgroup of the finitely generated metabelian group HV and hence G=H 0 is residually finite and so is a virtually torsion-free minimax metabelian group. The conclusion is that V =H 0 is a residually finite and virtually torsion-free abelian minimax group. If V =H 0 is infinite then dim Q n H 0 will be strictly less than dim Q n V and then the torsionfree minimax group H 0 cannot map onto ðC p 0 Þ t ¼ V =V p 0 , a contradiction. Hence H 0 has finite index in V and since H 0 V p ¼ V this index is coprime to p. Thus ½G : H ¼ ½G : HV ½V : H 0 is finite and coprime to p. For the final part of the lemma take W ¼ V p 0 . r Lemmas 13 and 14 raise the following natural Problem 1. Which groups G possess a subgroup N of finite index such that NH ¼ G for a subgroup H < G implies that ½G : H < y?
The purpose of the following three lemmas is to ensure the existence of suitable word w, subgroup V and elements g 1 ; . . . ; g k in a virtually metabelian minimax group G which meet the conditions of Theorem 8.
Lemma 15. Let G be a virtually metabelian minimax group which is finitely generated (and so is automatically residually finite and virtually torsion-free). Then there exist normal subgroups G 0 q V of G such that (a) G=G 0 is finite and V is a torsion-free minimax abelian group, (b) if H is a subgroup of G such that HG 0 ¼ G then H is of finite index in G, (c) G 0 =V is a nilpotent group which acts commutatively on V , i.e., G 0 =C G 0 ðV Þ is abelian, and (d) Q n V is a perfect Q½G 0 =V -module, i.e., ðG 0 À 1Þ Á V has finite index in V .
Proof. Let A < B be normal subgroups of G such that A and B=A are torsion-free abelian and ½G : B is finite. Let L be a p-good subgroup of G for some prime p and
We have that W and G 0 =W are torsion-free abelian groups and W is a module for G 0 ¼ G 0 =W . Consider the chain of submodules
Each quotient ðG 0 À 1Þ k W =ðG 0 À 1Þ kþ1 W is a finitely generated abelian group (since
W is a finitely generated nilpotent group). Now W has finite rank, hence dim W n Q is finite and so the quotients above cannot all be infinite. Let V be the first module in the chain such that ðG 0 À 1ÞV has finite index in V . Clearly G 0 =V is a nilpotent group (since G 0 acts nilpotently on W =V ). Item (d) is clear since ½V : ðG 0 À 1ÞV is finite while (c) follows since C G 0 ðV Þ d W and G 0 =W is abelian. r Lemma 16. Let G 0 be a finitely generated torsion-free abelian group and let V be a torsion-free Z½G 0 module of finite rank such that V Q ¼ V n Q is a perfect Q½G 0 -module. Then there exists an integer N such that for any subgroup G < G 0 of index coprime to N we have that V Q is a perfect Q½G-module. Furthermore, when this happens then we can find a positive integer M (depending on G and V ), integers s i and group elements h i A G such that
Proof. Let w be an irreducible character (over C) of G 0 . We will call w a character of finite order if all values of w are roots of 1; in this case the order of w is the least integer n such that its values are all nth roots of 1.
Since V Q is a perfect Q½G 0 -module it has no non-zero trivial submodule. Indeed, if it does then since V Q is completely reducible as a Q½G 0 -module it will have a trivial module as a direct factor, which is a contradiction to V Q being perfect.
Let N be the greatest common divisor of all orders of irreducible characters which appear in V C ¼ C n V . If G c G 0 is a subgroup of index coprime to N then the restriction of any irreducible character in V to G is non-trivial. Therefore V C is a perfect C½G-module, which implies that V is perfect Q½G-module.
For the second part, let I be the augmentation ideal of Q½G. Since V Q ¼ IV Q and V Q is a finite-dimensional vector space over Q, by Nakayama's lemma id þ T annihilates V Q for some T A I . Expressing T in the basis of I and clearing the common denominator M of the rational coe‰cients gives the integers s i and the elements h i A G. r Lemma 17. Let G be a group with an abelian normal subgroup V such that ½G 0 ; V ¼ 1 and G=V is nilpotent of class d. Let g 1 ; . . . ; g kÀ1 A G.
For The Fox derivative of w with respect to x k is ð P s i ð1 À h i ÞÞ d , because substitution of words corresponds to multiplication of Fox derivatives. The word w always evaluates to one on G=V , because G=V is nilpotent of class d. r
We now have all the ingredients to prove Theorem 1. It will follow from the corresponding result for metabelian groups:
Theorem 18. Let G be a finitely generated virtually metabelian minimax group. Then dðĜ GÞ c dðGÞ c dðĜ GÞ þ 1:
Proof. Let k ¼ dðĜ GÞ þ 1. Let G 0 and V be the subgroups provided by Lemma 15. Now Lemma 16, applied to the group G 0 =½G 0 ; G 0 V acting on V , gives us an integer N such that any subgroup of index coprime to N in G 0 =V acts perfectly on V (as a rational module).
By Theorem 2 there exists a generating set S ¼ fg 1 ; . . . ; g k g of G modulo V such that g k A G 0 and such that the subgroup G ¼ hg 1 ; . . . ; g kÀ1 iV V G 0 has index ½G 0 : G coprime to N. Therefore V is a perfect rational Q½G=V -module and for some integer M and element T in the augmentation ideal of Z½G=V we have that T acts on V as multiplication by M.
For each prime p pick a p-good subgroup G p of G containing V p . (In fact by replacing G p with a normal subgroup of G of finite index we may even assume G p V V ¼ V p .) Now apply Lemma 17 to G and V with g i ¼ g i for i ¼ 1; . . . ; k À 1, g ¼ g k and with s i A N, h i A hg 1 ; . . . ; g kÀ1 i chosen so that T 1 P i s i ð1 À h i Þ in Z½G=V . We conclude that there is a word wðx 1 ; . . . ; x k Þ such that wðgÞ A V and qw qx k ðgÞ acts on V as multiplication by M d , where d is the nilpotency class of G=V . We can now apply Theorem 8 to G with these choices of w, V , G p and g j . The conditions (i)-(iii) are satisfied by the construction of the subgroups G 0 and V , the word w and the definition of the number k. So by Theorem 8 we can find lifts a i A g i V such that G ¼ ha 1 ; . . . ; a k i. Theorem 18 is proved. r Remark 19. If dðG=V Þ < dðĜ GÞ then the argument above gives that dðGÞ ¼ dðĜ GÞ.
Proof of Theorem 1. A virtually soluble minimax, residually finite and finitely generated group G is virtually torsion-free and hence virtually nilpotent by abelian, i.e., it has normal subgroups G 1 > G 2 such that G=G 1 is finite, G 1 =G 2 is abelian while G 2 is nilpotent. (See [7, Theorem 10 .33].)
Now every set which generates G modulo G 0 2 also generates G, and so we have dðGÞ ¼ dðHÞ and dðĜ GÞ ¼ dðĤ HÞ where H ¼ G=G 0 2 . Thus Theorem 1 becomes a corollary of Theorem 18. Moreover its proof gives an e‰cient algorithm for generating such a group G with dðĜ GÞ þ 1 elements, or indeed with dðĜ GÞ elements if the condition of Remark 19 holds. r
